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Abstract
We have applied the recently proposed renormalization group improvement procedure of the finite
temperature effective potential, and have investigated extensively the phase structure of the massive
scalar φ4 model, showing that the φ4 model has a rich 3-phase structure at T 6= 0, two of them are
not seen in the ordinary perturbative analysis. Temperature dependent phase transition in this model
is shown to be strongly the first order.
1. Introduction: Recently in the analysis of the effective potential (EP) simple but efficient procedures for
resumming dominant large corrections appeared in the perturbative calculation by using the renormaliza-
tion group (RG) technique thus resolving also the problem of renormalization scheme (RS) dependence[1]
are proposed in vacuum[2] and in thermal[3] field theories. In this paper we briefly present the result
of application of this procedure to the massive scalar φ4 model at finite temperature, showing that this
model has three phases, only one of them can be seen in the ordinary perturbative analysis. Other
two phases emerge as a result of resummation of dominant large corrections, one of them has a truly
non-perturbative nature and can not be seen in the high temperature expansion analysis. Temperature
dependent phase transition between the ordinary and the new phases proceeds through the strong first
order transition. Details of our analyses will be given elsewhere.[4]
2. RG improvement procedure: Let us focus on the massive self-coupled scalar φ4 model at finite temper-
ature,
L = (∂µφ)2/2−m2φ2/2− λφ4/4!− hm4, (m2 < 0). (1)
The exact EP satisfies a renormalization group equation (RGE),
(
µ
∂
∂µ
+ β
∂
∂λ
−m2θ ∂
∂m2
− φγ ∂
∂φ
+ βh
∂
∂h
)
V = 0, (2)
whose solution is
V
(
φ, λ,m2, h, T ;µ2
)
= V¯
(
φ¯(t), λ¯(t), m¯2(t), h¯(t), T ; µ¯2 = µ2e2t
)
, (3)
where the barred quantities φ¯, λ¯ etc. are running parameters whose responces to the change of t are
determined by the coefficient functions of the RGE, γ, β etc., with the boundary condition that the barred
quantities reduce to the unbarred parameters at t = 0. The problem of resolving the RS-dependence of
the EP now reduces the one how we can determine, with the limited knowledge of the L-loop calculation,
the function form of the EP at least at a certain value of t.
Let us notice here that in the scalar φ4 model (at least in the O(N) symmetric model in N → ∞)
the dominant large corrections appear as power functions of the effective variable τ ≡ λ∆1, having the
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high temperature behavior τ ∼ λT 2/M2, where M2 = m2 + λφ2/2. We can see [3] that the EP can be
expressed in the power-series expansion in τ ;
V =
M4
λ
∞∑
ℓ=0
λℓ [ Fℓ(τ) + zδℓ,0 ] , z ≡ λhm
4
M4
, (4)
where
Fℓ(τ) ≡
∞∑
L=ℓ
v
(L)
ℓ τ
L−ℓ , F0(τ) =
2∑
L=0
v
(L)
0 τ
L , v
(L)
0 = 0 for L ≥ 3 . (5)
By remembering the fact that, at τ = 0, the “ℓ th-to-leading τ” function Fℓ is given solely by the ℓ-loop
level potential, Fℓ(τ = 0) = vℓ(L = ℓ), we find if we caluculated the EP to the L-loop level, then at τ = 0
it already gives the function form “exact” up to “Lth-to-leading τ” order. With the L-loop potential at
hand, the EP satisfying the RGE can then be given by
V = M¯4(t)
L∑
ℓ=0
λ¯ℓ−1(t)
[
v¯
(ℓ)
ℓ (t) + z¯(t)δℓ,0
]∣∣∣∣∣
τ¯(t)=0
= VL (φ, λ¯(t), m¯
2(t), h¯(t);µ2e2t)
∣∣
τ¯(t)=0
, (6)
where the barred quantities should be evaluated at such a t satisfying τ¯ (t) = 0.
3. Phase structure of the massive scalar φ4 model at T 6= 0: Now we apply the RG improvement
procedure explained above to the massive scalar φ4 model at T 6= 0, and study the phase structure. The
perturbatively calculated one-loop EP is
V1 = m
2φ2/2 + λφ4/4! + hm4
+
M4
2
[
τ + λ
{
− 1
64π2
+
T 4
π2M4
L0
(
T 2
M2
)
− T
2
2π2M2
L1
(
T 2
M2
)}]
, (7)
where
τ ≡ λ
{
1
32π2
(
ln
M2
µ2
− 1
)
+
T 2
2π2M2
L1
(
T 2
M2
)}
, (8)
L0
(
1
a2
)
≡
∫
∞
0
k2 dk ln[1− exp{−
√
k2 + a2}] , L1
(
1
a2
)
≡ ∂
∂a2
L0
(
1
a2
)
. (9)
At the one-loop level the RGE coefficient functions are γ = 1, β = bλ2, θ = −bλ, βh = b/2 − 2bhλ,
where b = 1/16π2. Thus the RG improvement can be performed analytically, obtaining the improved
EP by Eq.(7) with all the renormalized parameters replaced by the barred quantities. High temperature
expansion then gives
V¯1(t) =
1
2
m¯2φ2 +
1
4!
λ¯φ4 − m¯
4
2λ¯
+
T 2M¯2
48
− TM¯
3
48π
+ · · · , (10)
where
M¯2(t) = m¯2 + λ¯φ2/2, λ¯(t) = λ(1− 3λbt)−1, m¯2(t) = m2(1− 3λbt)−1/3 (11)
and all the barred quantities should be evaluated at such a t satisfying the RS-fixing condition τ¯ (t) = 0,
which gives the mass gap equation,[5]
M2 = m2 + M¯2f(M¯2)−m2f(M¯2)2/3, (12)
f(M¯2) = 1− 3λbt = 1− 3λ
[
T 2
24M¯2
− T
8πM¯
+ b{ln(4πT
µ
)− γE}+ · · ·
]
. (13)
The stationary condition dV¯1/dφ = 0 gives φ(M¯
2− λ¯φ2/3) = 0. With the above RG improved formula
in hand we can see the phase structure of the model.
3.1 High temperature expansion analysis: First let us see the result in the high temperature expansion. In
this case the mass gap equation gives at sufficiently high temperature the φ2-M¯2 relation shown in Fig.1,
2
indicating the existence of two phases I and II. This is shown to be what really happened, see Fig.2,
in which we can see that the phase I is the symmetric phase and the phase II is the broken one. Also
we can see is that at low temperature below T1 the broken phase realizes the true vacuum, but that as
the temperature becomes higher the symmetric and the broken phases eventually become mixed up thus
showing the bump structure in the potential and finally at high temperature above T3 the symmetric
phase I realizes the true vacuum. Phase transition in this case is strongly first order. The broken phase
II is the ordinary one being related to the tree EP, while the symmetric phase I is generated by the
resummation effect of the large-T (T 2) corrections. It is worth noting that in both phases I and II the
running parameters λ¯ and m¯2 may show some peculiar behaviors, i.e., in the small φ region they blow
up, and in the phase I λ¯ becomes negative. These are not the real trouble because if we correctly define
the effective coupling and the effective mass-squared by λeff = d
4V¯1/dφ
4 and m2eff = d
2V¯1/dφ
2, then
λeff and m
2
eff show moderate behavior being consistent with the perturbative treatment, except in the
very small φ region where λeff becomes negative. This result may be related with the small φ problem
pointed out by Amelino-Camelia.[6] More detailed study on this problem will be given in Ref. 4).
3.2 Full analysis with RG improved V¯1 and τ : The “exact” mass gap equation τ¯(t) = 0 gives the φ
2-M¯2
relation shown in Fig.3, indicating the existence of three phases: two of them, i.e., phases I and II are
those already appeared in the high temperature expansion analysis, whereas the third phase III is totally
new. In this phase the effective coupling λeff becomes strong and the effective mass-squared also becomes
very heavy, indicating this phase to be almost temperature independent super massive strong coupling
phase.
4. Discussion and comments: In this paper we present briefly the RG improved analysis of the effective
potential in massive scalar φ4 model at T 6= 0. The same analysis can be done in the same model at
T = 0, disclosing[4] that the T → 0 limit of the model at T 6= 0 does not coincide with the same model
at T = 0. The T → 0 limit of the model at T 6= 0 maintains the same “stable” phase structure as those
at T 6= 0, while the model at T = 0 shows the unstable phase structure, i.e., the couterpart of the phase
I becomes unbounded from below thus the theory becomes unstable.
One comment on the small φ region problem is added. Amelino-Camelia[6] noted that the small φ
region reliability may be related with the types of resummed diagramms. Because of the simplicity of the
model we can explicitly count the types of diagramms being resummed through the improvement proce-
dure, and find that the resummed graphs are chains, daisies, and the dominant superdaisies, suggesting
the reliability range to be φ roughly greater equal to
√
λT . This range may be consistent with the region
of φ where λeff becomes positive and moderate, see Ref. 4).
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Figure Caption
Fig.1: φ2-M¯2 relation from the High temperature expression of the mass gap equation, τ¯(t) = 0,
Eqs.(11)–(13).
Fig.2: RG improved effective potentials at three temperatures: (a) T˜1 = 20.0, (b) T˜2 = 23.9, and (c)
T˜3 = 25.0. V˜ ≡ V¯1(φ)−min{V¯1(φ = 0)}, T˜ ≡ T/|m|, and the coupling is set to λ = 1/20.
Fig.3: φ2-M¯2 relation from the “exact” mass gap equation, τ¯ (t) = 0, Eqs.(11)–(12).
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